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Editorial

This special issue of Fuzzy Sets and Systems is in honour of Francesc Esteva on the occasion of his 70th Birthday, 
to celebrate a life dedicated to scientific research. Francesc was born in the Mediterranean village of Begur (Catalonia, 
Spain) in 1943. He got a PhD in Mathematics from the University of Barcelona in 1974 with a dissertation on negations 
compatible with lattice structures. Since then, he has been actively working in the fields of algebraic and mathematical 
fuzzy logic as well as in approximate reasoning. Francesc has made important contributions to these fields, like the 
standard completeness of Hájek’s BL logic, the axiomatization of all subvarieties of BL given by standard chains, the 
introduction of the logic MTL of left-continuous t-norms, the logic Ł� combining Łukasiewicz and Product fuzzy 
logics, similarity-based graded logical systems, etc.

Besides his scientific contributions, Francesc has also played a leading role in research management positions, 
e.g. as director of the Artificial Intelligence Research Institute (IIIA-CSIC) for more than 20 years, and in promoting 
science, e.g. in the creation of the Spanish and European societies for fuzzy logic and technology, ESTYLF and 
EUSFLAT respectively, being elected also president of both societies in the late 90’s.

Francesc’s research career on fuzzy logic has given him the opportunity of collaborating with excellent scientists, 
and to settle close relationships with them. Among them, let us first of all mention Enric Trillas. It was with Enric that 
Francesc, and many other Spanish colleagues, got in touch with Fuzzy Set Theory for the first time in the early 80’s. 
Since then he has shared with Enric many personal and scientific projects and aims. In this sense it is very welcome 
the contribution by Enric to this special issue.

Second, we have to mention Petr Hájek, with whom Francesc, together with Lluís Godo, has had a long-lasting 
relationship from the very beginning of the flourishing period (in the early 90’s) of what nowadays is called math-
ematical fuzzy logic. Petr Hájek has been a respected logician since the beginning of his career in the 70’s, and his 
enrollment into mathematical fuzzy logic research has greatly influenced and promoted among many mathematical 
logicians, including Francesc, the interest for fuzzy logic from the formal point of view, close to what Lotfi Zadeh 
used to call fuzzy logic in narrow sense. It is really a pity that Petr has not been able to contribute to this issue as a 
consequence of the health issues that forced him a few years ago to retire from active research.

On the other hand, it was Petr Hájek who introduced Franco Montagna to Francesc, a great logician and even a 
better person, with whom he maintained a close and fruitful relationship for many years. Very sadly and unexpectedly, 
Franco passed away on February 2015, but we have been very lucky because he still managed to be one of contributors 
to this special issue. During the 90’s and 2000’s Francesc also met and worked together with another exceptional 
mathematician, Roberto Cignoli, with whom there was (and still is) a long collaboration and friendship. In this period 
he also had very productive and close collaborations with his French colleagues Bernadette Bouchon-Meunier, Didier 
Dubois and Henri Prade.

Also, we would like to mention other colleagues and friends close to his generation Francesc has always enjoyed 
meeting them many times in conferences and workshops, discussing and working together, and who all of them have 
been very kind to contribute to this special issue; among them Arnon Avron, Miguel Delgado, José Luis García-
Lapresta, María Ángeles Gil, Siegfried Gottwald, that suddenly and unexpectedly passed away very recently, Claudio 
Moraga, Daniele Mundici, Mirko Navara, Vilém Novák, Ewa Orłowska, Irina Perfilieva, Antonia Salas, Sandra San-
dri, Michio Sugeno, Settimo Termini, Esko Turunen and Amparo Vila. But actually, the long list of authors that have 
made possible this special issue encompasses many researchers from younger generations as well, and the editors 
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want to sincerely thank all and each one of them for their contributions. All these contributions have undergone a 
usual peer reviewing process, as the protocol for special issues in FSS requires. In this respect, we are also warmly 
indebted to all the reviewers that have helped us in this difficult task.

This issue has gathered twenty-six very interesting contributions in a variety of topics, all related in some way or 
another to Francesc’s research interests:

• The paper by Aguzzoli and Bianchi [1] deals with extensions of MTL, first they show that the nilpotent minimum 
logic can be axiomatized relatively to IMTL with an axiom with only one variable, and then the authors perform 
an algebraic study of the non-involutive extension of MTL obtained by the same axiom.

• The paper by Ansótegui, Bofill, Manyà and Villaret [2] presents a novel method to build automated theorem 
provers for many-valued logics, by reducing the semantics of the logic and the formula under consideration into 
a Satisfiability Modulo Theory instance and subsequently solving the instance using a SMT solver.

• In the paper by Armengol, Dellunde and García-Cerdaña [3] the authors study how to use the formalism of fuzzy 
description logic to study (local and global) similarity relations.

• In [4], Avron studies two paraconsistent logical systems, extension of the logic T of Anderson and Belnap, seman-
tically defined by taking the whole domain but the bottom element as the set of designated values, and important 
properties of both logical systems, such as completeness and decidability, are proved.

• Bělohlávek and Vychodil present in [5] an algorithm for the factorization of matrices with entries that are grades 
to which objects represented by rows satisfy attributes represented by columns.

• In [6] Bobillo and Straccia discuss an algorithm for concept inclusion absorption in Fuzzy Description Logics, 
whose preprocessing of the inclusion axioms allows a smarter application of the tableau rules that results in a 
speeding up the overall running time of the consistency checking procedure.

• The paper by Bongini, Ciabattoni and Montagna [7] provides a generalization of the framework of sequent calculi, 
with invertible rules, for a wide family of first-order many-valued logics, called hyperprojective logics, that include 
some important logics, among them Łukasiewicz and Product infinite-valued logics.

• The paper by Busaniche, Cabrer and Mundici [8] provides several characterizations of polyhedral MV-algebras. 
Polyhedral MV-algebras are isomorphic to the MV-algebra of all continuous [0, 1]-valued piecewise linear func-
tions with integer coefficients, defined on some polyhedron in Rn.

• In [9] Cintula offers a systematic study of logics extending MTL with rational truth-constants for which it is 
possible to ensure Pavelka-style completeness when adding suitable infinitary deduction rules.

• Delgado, Marín, Pérez and Vila investigate in [10] an approach to bipolar queries in the context of flexible query-
ing in fuzzy object databases. By means of the use of a generalized inclusion concept, the authors deal with 
bipolar conditions on both fuzzy univalued and multivalued attributes.

• In his paper [11], Dubois and Prade explore different multiple-valued extensions of logical expressions of analog-
ical proportions that are equivalent in the Boolean case, discussing the motivations and properties in each of the 
considered possible extensions.

• Düntsch, Orłowska and van Alten develop in their paper [12] discrete dualities for n-potent MTL algebras, defin-
ing classes of frames which provide a relational semantics for the corresponding logics extensions of MTL.

• In the framework of first-order fuzzy logics, Dyba, El-Zekey and Novák study in [13] first-order systems based 
on non-commutative EQ-algebras, which instead of implication have a fuzzy equality as primitive connective.

• In the paper [14], Esmi, Sussner and Sandri introduce a new class of fuzzy associative memories (FAMs) called 
tunable equivalence FAMs, characterized by the application of parametrized equivalence measures in the hidden 
nodes, and describe their advantages over other models of FMAs.

• In the context of decision-making problems where agents rate alternatives by means of linguistic terms, García-
Lapresta and Pérez-Román propose in [15] an agglomerative hierarchical clustering process where the clusters of 
agents are generated by using a distance-based consensus measure.

• The paper by Gispert [16] is a contribution to the algebraic study of finitary extensions of Łukasiewicz logic, by 
describing a specific kind of quasivarieties of MV-algebras that correspond to structural complete extensions of 
Łukasiewicz logic.

• Gottwald focuses in [17] on the property of local finiteness for t-norm bimonoids for continuous t-norms deter-
mined by ordinal sums of Łukasiewicz summands.
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• In the context of algebraic semantics for fuzzy logics, Jenei and Saminger-Platz [18] introduce two new geomet-
rical methods to construct involutive FLe-algebras.

• Lesot, Moyse and Bouchon-Meunier [19] investigate the question of the interpretability of fuzzy linguistic sum-
maries, both at the sentence level and at the summary level, seen as a set of sentences, and their properties are 
analysed.

• The paper by Marchioni [20] proves the deductive interpolation property of the logic WNM, by showing that the 
algebraic semantics has the amalgamation property.

• In the framework of approximate reasoning models with sets of IF–THEN rules, Perfilieva presents in [21] a 
reasoning scheme where the inference mechanism is characterized in terms of closeness relations and making use 
of Ruspini’s theory of conditional consistency and implication measures.

• In the paper [22], Sinova, de la Rosa de Sáa, Casals, Gil and Salas introduce a generalized L2 metric between 
fuzzy vectors which is based on their representation in terms of their support function and Steiner points, and an 
application is examined.

• Torra, Narukawa and Sugeno [23] generalize the known theory of f -divergence (to measure dissimilarity of two 
probability distributions) to the setting of non-additive measures, in particular distorted Lebesgue measures.

• Trillas, Termini and Moraga propose in [24] a new way of looking at fuzzy sets arising by interpreting the concept 
of a predicate from an informational viewpoint with respect to its linguistic use. They also analyze the linguistic 
concept of a collective.

• In [25], Turunen and Navara provide a Pavelka-style proof of completeness for the so-called Perfect Pavelka 
Logic, an extension of Pavelka Logic proved to be complete with respect to evaluations in perfect MV-algebras.

• Finally, in the context of the algebraic study of MTL chains, Vetterlein shows in [26] that any left-continuous 
t-norm can be approximated by a discrete MTL-chain with an arbitrary precision.

Last but not least, let us mention that Francesc has successfully guided a younger generation of Catalan logicians 
into the realm of research, a task for which the guest editors of this issue will always be in debt with him. Actually we 
all consider him as one of the persons who has most influenced how we face our daily research activities, e.g. in how to 
choose research topics, how to write articles, how to supervise research projects, etc. At a personal level, Francesc has 
taught us to be impartial and generous to others, as well as understanding research as a service to society. Moreover, he 
has succeeded in creating a friendly and stimulating environment at work, and perfectly harmonized with his personal 
concerns, politics, football, literature, art, etc.

To conclude this editorial, we also want to thank the journal, Fuzzy Sets and Systems, and their editors-in-chief for 
their kind and patient support during the edition of this special issue.
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Abstract

General Concept Inclusion (GCI) absorption algorithms have shown to play an important role in classical Description Logic 
(DL) reasoners. They allow to transform GCIs into simpler forms to which we may apply specialised inference rules, returning 
important performance gains. In this work, we develop the first absorption algorithm for fuzzy DLs, implement it in the fuzzyDL
reasoner and evaluate it extensively over both classical and fuzzy ontologies. The results show that our algorithm improves the 
performance of the reasoner significantly.
© 2014 Elsevier B.V. All rights reserved.
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1. Introduction

Description Logics (DLs for short) [1] is a well-known family of logics for representing structured knowledge. In 
the last two decades, DLs have gained even more popularity due to their application in the context of the Semantic 
Web [2]. Indeed, the current standard language for specifying ontologies is the Web Ontology Language (OWL 2) [3], 
which is based on the DL SROIQ(D) [4].

Fuzzy DLs have been proposed as an extension to classical DLs with the aim of dealing with fuzzy, vague, and 
imprecise concepts. In these logics, the axioms may not be bivalent, but instead can be satisfied with a certain degree 
of truth (typically, a truth value in [0, 1]). Since the first work of J. Yen in 1991 [5], an important number of works 
can be found in the literature (good surveys on fuzzy DLs can be found in [6,7]).

However, little effort has been paid so far to the study and implementation of optimization techniques, which is 
essential to reason with real-world scenarios in practice. Up to now, we are only aware of two works [8,9], but neither 
of them considers reasoning with a general TBox.

✩ This paper is a revised and extended version of “General Concept Inclusion Absorptions for Fuzzy Description Logics: A First Step”, published 
in the Proceedings of the 26th International Workshop on Description Logics (DL 2013).
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In classical DLs, a TBox contains General Concept Inclusion axioms (GCIs) of the form

C � D,

intuitively encoding that an instance of class C is also an instance of class D. GCI absorption is a technique that 
allows to transform GCIs into simpler forms to which we may apply then specialised inference rules: the so-called 
lazy unfolding rules [1,10–16]. The basic principle in absorption is to avoid the internalisation of GCIs, which is the 
naive way to reason with these axioms. For example, the GCI

A � C � D (1)

is usually internalised into the canonical form

� � ¬A � ¬C � D.

The original GCI encodes the idea that an instance of both classes A and C is also an instance of class D, while the 
canonical form encodes that any object is either not an instance of A, or not an instance of C, or an instance of D. 
The consequence of this transformation is that the inference rule handling GCIs will be applied to every object that 
occurs during the reasoning process. If A is an atomic concept, it is a smarter option to rewrite Eq. (1) as

A � ¬C � D.

The subsequent idea behind the latter axiom is that an instance of class A is either not an instance of class C or an 
instance of class D. The consequence of this transformation is that the inference rule for such axiom applies (among 
other conditions) only if an object has been inferred as being an instance of concept A. This implies a reduction of the 
number of applications of the axiom and hence of the reasoning time.

While absorption algorithms have experimentally shown to provide a very important performance gain for classical 
DLs reasoners, no such algorithms have been investigated so far in the context of fuzzy DLs. It is expected that 
absorption would provide a reduction in the reasoning time within fuzzy DLs.

Another benefit of absorption for fuzzy DLs is the possibility of transforming a non-acyclic ontology [17] into an 
acyclic one. This is important from a computational point of view since reasoning problems are in general undecidable 
in the presence of GCIs for several fuzzy DLs [18,19,21] (for instance in Łukasiewicz and Product ALC), but are 
decidable if the TBox is acyclic [18,20]. That is, in some cases it may be possible to transform a non-acyclic fuzzy 
ontology (for which reasoning problems are not guaranteed to be decidable) into an equivalent acyclic one (and thus 
for which reasoning problems are guaranteed to be decidable).

It is also worth to note that the absorption method holds for the case of a finite linearly-ordered truth space as 
well (for which the decidability of the satisfiability problem is always guaranteed). Therefore, the absorptions can be 
beneficial for finitely valued DLs as well [22,23].

The aim of this paper is to propose the first absorption algorithm for fuzzy DLs. This algorithm is implemented 
in the fuzzyDL reasoner1 [24] and evaluated over several existing ontologies. Our results show that our algorithm 
significantly improves the performance of the reasoner.

The rest of this paper is organised as follows. Section 2 recalls some preliminaries on fuzzy logic and fuzzy 
DLs. Section 3 presents our GCI absorption algorithm. Next, Section 4 discusses an experimental evaluation of the 
algorithm. Finally, Section 5 sets out some conclusions and ideas for future research.

2. Fuzzy DLs basics

In this section we recap some basic definitions needed during the rest of the paper. We refer the reader to [6,7] for 
a more in depth presentation.

1 http :/ /www.straccia .info /software /fuzzyDL /fuzzyDL .html.

http://www.straccia.info/software/fuzzyDL/fuzzyDL.html
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Fig. 1. (a) Trapezoidal function trz(a, b, c, d), (b) triangular function tri(a, b, c), (c) left shoulder function ls(a, b), and (d) right shoulder function 
rs(a, b).

Fig. 2. Fuzzy sets over the domain of salaries using trapezoidal or triangular functions.

2.1. Mathematical fuzzy logic

In Mathematical Fuzzy Logic [25], the usual convention prescribing that a statement is either true or false is changed 
and is a matter of degree measured on an ordered scale that is no longer {0, 1} but (usually) [0, 1]. This degree is called 
degree of truth of the logical statement φ in the interpretation I . The truth space is usually L = [0, 1], but another 
popular choice is the finite truth space Ln = {0, 1

n−1 , . . . , n−2
n−1 , 1} for some natural number n > 1. Of course, L2 is the 

classical two-valued case.
The main idea behind fuzzy logic is that of fuzzy set. Let X be a set of elements called the reference set. A fuzzy 

subset A of X is defined by a membership function μA(x), or simply A(x), which assigns to every x ∈ X a value in a 
truth space L.

Some popular membership functions, commonly used to define fuzzy sets, are the trapezoidal (Fig. 1 (a)), the tri-
angular (Fig. 1 (b)), the left-shoulder (Fig. 1 (c)), and the right-shoulder function (Fig. 1 (d)).2 Although fuzzy sets 
have a far greater expressive power than classical crisp sets, its usefulness depends critically on the capability to con-
struct appropriate membership functions for various given concepts in different contexts. The problem of constructing 
meaningful membership functions is a difficult one and we refer the interested reader to [26, Chapter 10]. However, 
an easy and typically satisfactory method to define the membership functions is to uniformly partition the range of 
possible values (bounded by a minimum and maximum value) into 5 or 7 fuzzy sets using either trapezoidal functions 
(as illustrated on the left in Fig. 2), or using triangular functions (as illustrated on the right in Fig. 2). The latter is the 
more used one, as it involves less parameters.

A fuzzy interpretation I maps each atomic statement pi into [0, 1] and is then extended inductively to all 
statements: I(φ ∧ ψ) = I(φ) ⊗ I(ψ), I(φ ∨ ψ) = I(φ) ⊕ I(ψ), I(φ → ψ) = I(φ) ⇒ I(ψ), I(¬φ) = �I(φ), 
I(∃x.φ(x)) = supy∈�I I(φ(y)), I(∀x.φ(x)) = infy∈�I I(φ(y)), where �I is the domain of I , and ⊗, ⊕, ⇒, and 
� are the so-called t-norms, t-conorms, implication functions, and negation functions, respectively, which extend the 
Boolean conjunction, disjunction, implication, and negation, respectively, to the fuzzy case.

A quadruple composed by a t-norm, a t-conorm, an implication function and a negation function determines a fuzzy 
logic. One usually distinguishes three fuzzy logics, namely Łukasiewicz, Gödel, and Product [25], due to the fact that 
any continuous t-norm can be obtained as a combination of Łukasiewicz, Gödel, and Product t-norm [27]. It is also 
usual to consider Zadeh logic [28]. The combination functions of these logics can be found in Table 1, while Table 2
shows some important properties of these functions.

2 Note that these membership functions assume that the domain of a fuzzy set is a dense total ordering, which is not always the case.
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Table 1
Combination functions of various fuzzy logics.

Łukasiewicz logic Gödel logic Product logic Zadeh logic

α ⊗ β max(α + β − 1,0) min(α,β) α · β min(α,β)

α ⊕ β min(α + β,1) max(α,β) α + β − α · β max(α,β)

α ⇒ β min(1 − α + β,1)
{

1 if α≤β

β otherwise
min(1, β/α) max(1 − α,β)

�α 1 − α
{

1 if α=0
0 otherwise

{
1 if α=0
0 otherwise

1 − α

Table 2
Some important properties of truth combination functions.

Property Łukasiewicz Gödel Product Zadeh

α ⊗ �α = 0 � � �
α ⊕ �α = 1 �
α ⊗ α = α � �
α ⊕ α = α � �
� � α = α � �
α ⇒ β = �α ⊕ β � �
α ⇒ β = �β ⇒ �α � �
�(α ⇒ β) = α ⊗ �β � �
�(α ⊗ β) = �α ⊕ �β � � � �
�(α ⊕ β) = �α ⊗ �β � � � �

α ⊗ (β ⊕ γ ) = (α ⊗ β) ⊕ (α ⊗ γ ) � �
α ⊕ (β ⊗ γ ) = (α ⊕ β) ⊗ (α ⊕ γ ) � �

We will often use an optional subscript X ∈ {Ł,G, Π,Z} to indicate that an operator belongs to Łukasiewicz, 
Gödel, Product and Zadeh fuzzy logics, respectively. For instance, α ⊗G β refers to Gödel conjunction.

It is easy to see that Zadeh fuzzy logic can be expressed using Łukasiewicz fuzzy logic, as min(α, β) = α⊗Ł (α ⇒Ł
β), max(α, β) = 1 −min(1 −α, 1 −β), and α ⇒KD β = max(1 −α, b). This latter implication is called Kleene-Dienes 
implication and is denoted ⇒KD.

The name of Zadeh fuzzy logic is used following the tradition in the setting of fuzzy DLs, even if it might lead to 
confusion because the logic does not include the Zadeh implication (or Rescher implication), denoted ⇒Z and defined 
as:

α ⇒Z β =
{

1, if α ≤ β

0 if α > β.

An r-implication is an implication function obtained as the residuum of a continuous t-norm ⊗, i.e., α ⇒ β =
sup{γ | α⊗γ ≤ β}. Łukasiewicz, Gödel and Product implications are r-implications, while Kleene-Dienes and Zadeh 
implications are not. Given an r-implication ⇒r , we may also define the residuated negation �rα by means of 
α ⇒r 0, for every α ∈ [0, 1].

Truth combination functions are not arbitrarily combined to form a fuzzy logic; in practice, one fixes the t-norm ⊗, 
builds an implication from ⊗ (for example, its residuum), considers the dual t-conorm of ⊗, and concludes by selecting 
either the involutive or the residuated negation.

Our fuzzy statements will have the form 〈φ,α〉, where φ is a statement and α ∈ (0, 1], encoding that the degree 
of truth of φ is greater than or equal to α. The notions of satisfiability and logical consequence are defined in the 
standard way, where a fuzzy interpretation I satisfies a fuzzy statement 〈φ,α〉 or I is a model of 〈φ,α〉, denoted as 
I |� 〈φ,α〉, iff I(φ) ≥ α.

2.2. A fuzzy DL

To illustrate our absorption algorithm and our experimentation, we introduce a fuzzy variant of the DL 
SHOIFg(D) [1,29], already presented in [7,30]. Fuzzy SHOIFg(D) is obtained by extending fuzzy ALC with 
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transitive roles,3 inverse roles (indicated with the letter I), role hierarchies (indicated with the letter H), nominals (in-
dicated with the letter O), global functional roles (indicated with the letter Fg), and concrete domains (indicated with 
the letter D). In the particular case where nominals are restricted to object property value restrictions, O is replaced 
with letter B.

Syntax Let A, R, and I be pairwise disjoint sets of concept names (also called atomic concepts), role names, and 
individual names, respectively. Each role is either an object property (denoted by R) or a data type property (denoted 
by T ). Object properties link pairs of individuals, whereas data type properties relate an individual with a data value or 
a data type predicate. The inverse of an object property R is an object property indicated with R−. Object properties 
are defined according to the following syntax rule, where r ∈ R:

R → r (atomic object property)
R− (inverse object property)

In classical DLs, the range of data type properties are data values (numerical or textual, among many other possi-
bilities). In the fuzzy case, in addition to relating an individual with a data value, it is possible to relate it with a fuzzy 
membership function. Typically, in fuzzy DLs data type predicates (denoted by d) are unary and examples of them 
over a dense total ordered concrete domain are the following known membership functions:

d := ls(a, b) | rs(a, b) | tri(a, b, c) | trz(a, b, c, d) | ≥v | ≤v | =v,

where for example ls(a, b) is the left-shoulder membership function and ≥v is the crisp set of data values that are 
greater than or equal to the value v.

The set of concepts (denoted C, D) is built from concept names A ∈ A using connectives and quantification con-
structors over object properties R, data type properties T and individuals a ∈ I, according to the following syntactic 
rule:

C,D → A | (atomic concept)
� | (universal concept)
⊥ | (bottom concept)

¬C | (concept negation)
C � D | (concept conjunction)
C � D | (concept disjunction)
C → D | (concept implication)

{a} | (nominal)
∀R.C | (object property universal restriction)
∃R.C | (object property existential restriction)
∀T .d | (data type property universal restriction)
∃T .d (data type property existential restriction).

Concepts of the form ∃R.{a} are called object property value restrictions. In the following, we will use the expression 
{a1, . . . , an} (called concept enumeration) as a macro for the concept expression {a1} � . . . � {an}. Please also note 
that, strictly speaking concept implications are not syntactically part of classical SHOIFg(D), but we included it 
here for convenience within fuzzy SHOIFg(D): it plays an important role in the absorption algorithm in some cases. 
Under classical semantics, the concept C → D is a macro for ¬C � D.

A fuzzy knowledge base (KB), also called fuzzy ontology, is a set of axioms. Formally, a fuzzy KB K is a tuple 
〈A, T , R〉, where A is an ABox, T is a TBox and R is an RBox. We may also omit one or more among A, T and R
if they are empty.

Now we will define the axioms that can be expressed in a fuzzy ontology. We will use α ∈ (0, 1] to denote a truth 
value. If α is omitted, α = 1 is assumed. If α �= 1, we say that the axiom is graded.

An ABox A (Assertional Box) consists of a finite set of assertion axioms. There are two types of assertion axioms:

3 ALC with transitive roles is called S .
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• A concept assertion 〈a:C,α〉 states that a is an instance of concept C to degree at least α.
• A role assertion 〈(a1, a2):R,α〉 states that (a1, a2) is an instance of role R to degree at least α. For data type 

properties, we have 〈(a, v):T ,α〉.

An RBox R (Role Box) can have three types of axioms:

• A Role Inclusion Axiom (RIA) is of the form 〈R1 � R2, α〉 and states that object property R1 is a sub-role of 
object property R2 to degree at least α.

• A transitivity axiom trans(R) states that object property R is transitive.
• A functional axiom func(R) forces role R to be functional.

A TBox T (Terminological Box) can have the following axioms:

• A General Concept Inclusion (GCI) axiom is of the form 〈C � D,α〉 and states that C is a sub-concept of D to 
degree at least α. 〈C � D,1〉 will often be shortened to C � D.

• A primitive GCI is a particular case of GCI having the form 〈A � C,α〉, where A is atomic.
• A generalised definitional GCI is of the form C .= D, where both C and D are concepts. This axiom can be seen 

as a shorthand for both C � D and D � C.
• A definitional GCI is a particular case of generalised definitional GCI having the form A .= C, with A atomic.
• A synonym GCI is a particular case of definitional GCI having the form A .= B , where both A and B are atomic.
• A constraint axiom is a particular case of GCI with one of the following forms:

– domain(R, C), called domain restriction, that restricts the domain of object property R to be concept C;
– range(R, C), called range restriction, that restricts the range of object property R to be concept C; and
– disjoint(A, B), called disjoint restriction, that restricts the concept names A and B to be disjoint.

In primitive and definitional axioms, A is called the head and C is the body.
The notions of transitivity, functionality, domain, range, and disjointness are standard in classical DLs. However, 

in the fuzzy case, several definitions would be possible. Later on we will describe our chosen semantics for these 
axioms.

Example 2.1. We have built a fuzzy wine ontology4 according to the FuzzyOWL 2 proposal [33]. One of the GCIs in 
there is of the form

SparklingWine � (∃hasSugar.tri(32,41,50)
) � DemiSecSparklingWine

where hasSugar is a data type property whose values are measured in g/L (grams per litre).

Semantics Let us fix a fuzzy logic X ∈ {Ł,G, Π,Z} (see Section 2.1). The semantics of the logic is given by an 
abstract interpretation I (for the individuals) and a fuzzy concrete domain or fuzzy data type theory [32] D. This latter 
consists of a tuple D = 〈�D, · D〉, with data type domain �D, and a function · D that assigns to each data type predicate 
d a function dD : �D → [0, 1] (we are restricting to unary data types).

In classical DLs, an interpretation I maps a concept C into a set of individuals CI ⊆ �I , i.e., I maps C into a 
function CI : �I → {0, 1} (either an individual belongs to the extension of C or does not belong to it). However, 
in fuzzy DLs, I maps C into a function CI : �I → [0, 1] and, thus, an individual belongs to the extension of C to 
some degree in [0, 1], i.e., CI is a fuzzy set.

Specifically, a fuzzy interpretation I with respect to D is a pair I = (�I , ·I) consisting of a non-empty (crisp) 
set �I (the domain) disjoint with �D and of a fuzzy interpretation function ·I that assigns:

1. to each atomic concept A a function AI : �I → [0, 1];
2. to each object property R a function RI : �I × �I → [0, 1];
3. to each data type property T a function T I : �I × �D → [0, 1];

4 http :/ /www.straccia .info /software /FuzzyOWL /ontologies /FuzzyWine .1 .0 .owl.

http://www.straccia.info/software/FuzzyOWL/ontologies/FuzzyWine.1.0.owl
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4. to each concrete value v an element vI ∈ �D; and
5. to each individual a an element aI ∈ �I such that aI �= bI if a �= b (called Unique Name Assumption, UNA).

Let x, y ∈ �I denote elements of the domain. A fuzzy interpretation function is extended to inverse roles by imposing(
R−)I

(x, y) = RI(y, x).

Moreover, a fuzzy interpretation function is extended to concepts as follows:

�I(x) = 1

⊥I(x) = 0

(¬C)I(x) = �XCI(x)

(C � D)I(x) = CI(x) ⊗X DI(x)

(C � D)I(x) = CI(x) ⊕X DI(x)

(C → D)I(x) = CI(x) ⇒X DI(x)

{a}I(x) = 1 if aI = x, else 0

(∀R.C)I(x) = inf
y∈�I

{
RI(x, y) ⇒X CI(y)

}

(∃R.C)I(x) = sup
y∈�I

{
RI(x, y) ⊗X CI(y)

}

(∀T .d)I(x) = inf
y∈�I

{
T I(x, y) ⇒X dD(y)

}

(∃T .d)I(x) = sup
y�I

{
T I(x, y) ⊗X dD(y)

}
.

Hence, for every concept C we get a function CI : �I → [0, 1].
Remark 1. Gödel and Zadeh fuzzy DLs include by definition Gödel concept conjunction and Gödel concept disjunc-
tion. Note that these constructors (denoted by �G and �G, respectively) can be defined under Łukasiewicz and Product 
logic as well:

• C �G D := C � (C → D).
• C �G D := (C → D) → D.

In classical DLs, the semantics of conjunction and Gödel concept conjunction coincide, and the same holds for dis-
junction and Gödel disjunction.

The satisfiability of axioms is then defined by the following conditions:

1. I satisfies 〈a:C,α〉 if CI(aI) ≥ α;
2. I satisfies 〈(a, b):R,α〉 if RI(aI , bI) ≥ α;
3. I satisfies 〈(a, v):T ,α〉 if T I(aI , vI) ≥ α;
4. I satisfies 〈C � D,α〉 if infx∈�I {CI(x) ⇒X DI(x)} ≥ α;
5. I satisfies C .= D if CI = DI ;
6. I satisfies domain(R, C) if I satisfies ∃R.� � C;
7. I satisfies range(R, C) if I satisfies � � ∀R.C;
8. I satisfies disjoint(A, B) if I satisfies A �G B �⊥.
9. I satisfies 〈R1 � R2, α〉 if infx,y∈�I {R1

I(x, y) ⇒X R2
I(x, y)} ≥ α;

10. I satisfies trans(R) if for all x, y ∈ �I ,

RI(x, y) ≥ sup
z∈�I

RI(x, z) ⊗X RI(z, y);
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11. I satisfies func(R), where R is an object property, if for all x, y, z ∈ �I with y �= z,

min
(
RI(x, y),RI(x, z)

) = 0;
12. I satisfies func(T ), where T is a data type property, if for all x ∈ �I and all y, z ∈ �D with y �= z,

min
(
T I(x, y), T I(x, z)

) = 0.

Exceptionally, Zadeh fuzzy DLs use Zadeh implication in the semantics of GCIs, since Kleene-Dienes implication 
produce some counter-intuitive effects [31]. We say that I is a model of an ontology K iff I satisfies each axiom in K, 
and that K entails an axiom α, denoted K |� α, if any model of K satisfies α.

It remains to define the notion of equivalence of concepts, GCIs, ABoxes, TBoxes, RBoxes, and KBs. Two concepts 
C and D are equivalent, denoted C ≡ D, iff for all interpretations I , CI = DI . Two GCIs C1 � C2 and D1 � D2 are 
equivalent, denoted C1 � C2 ≡ D1 � D2, iff for all interpretations I , (C1 → C2)

I = (D1 → D2)
I . Two TBoxes T , 

T ′ (resp. ABoxes A, A′, RBoxes R, R′, KBs K, K′) are equivalent, denoted T ≡ T ′ (resp. A ≡A′, R ≡R′, K ≡K) 
iff T and T ′ (resp. A and A′, R and R′, K and K′) entail the same set of axioms.

Example 2.2. fuzzyDL-Learner5 [34] is a system that illustrates how to learn graded GCIs. For instance, consider the 
case of hotel finding in a possible tourism application, where an ontology is used to describe the meaningful entities of 
the domain. Now, one may fix a city, say Pisa, extract the characteristic of the hotels and the graded hotel judgements 
of the users from Web sites (such as Trip Advisor6), and asks about what characterises good hotels. Then, it is possible 
to learn the axiom 〈∃hasPrice.High � GoodHotel,0.569〉, where hasPrice is a data type property whose values are 
measured in euros and the price concrete domain has been automatically fuzzified as illustrated below.

It can be verified that for hotel verdi, whose room price is 105 euro (i.e., we have the assertion verdi:∃hasPrice. =105
in the KB), we infer under Product logic that

K |� 〈verdi:GoodHotel,0.18〉.
Note that 0.18 = 0.318 · 0.569, where 0.318 = tri(90, 112, 136)(105).

3. A GCI absorption algorithm for fuzzy DLs

Given a fuzzy KB K = 〈A, T , R〉, the aim of our GCI absorption algorithm is to build an equivalent fuzzy KB 
K′ = 〈A′, T ′, R〉 to which apply specialised inference rules. In K′, A ⊆ A′, and T ′ is the union of two disjoint sets 
of axioms Tg and Tu verifying the following conditions:

1. Tg is a set of GCIs of the form 〈� � C,α〉,
2. Tu = Tdef ∪ Tinc ∪ Tdom ∪ Trg ∪ Tdisj ∪ Tsyn is the disjoint union of

5 http://straccia.info/software/FuzzyDL-Learner.
6 http :/ /www.tripadvisor.com.

http://straccia.info/software/FuzzyDL-Learner
http://www.tripadvisor.com
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(a) Tdef , which contains definitional GCIs only;
(b) Tinc, which contains primitive GCIs only;
(c) Tdom, which contains domain restrictions only;
(d) Trg, which contains range restrictions only;
(e) Tdisj, which contains disjoint restrictions only;
(f) Tsyn, which contains synonym GCIs only;

3. there cannot be a concept name A that is a head of axioms in Tdef and Tinc; and
4. there cannot be disjoint(A, B) ∈ Tdisj, where both A, B are head of axioms in Tdef .7

If Tg = ∅, the TBox is called lazy unfoldable. Informally, this partitioning makes it possible to apply lazy unfolding 
rules to axioms in Tu only. Intuitively, if we have in Tinc an axiom of the form 〈A � C,α〉 and � is interpreted as an 
r-implication, then a lazy unfolding rule for it is informally “if a is an instance of A to degree β then a is an instance 
of C to degree α ⊗β”. This is a graded variant of the lazy unfolding rule for crisp primitive inclusions A � C that can 
be seen as “if a is an instance of A then a is an instance of C”. In the case � is interpreted as Zadeh implication, then 
we can consider a lazy unfolding rule of the form ‘if a is an instance of A to degree β then a is also an instance of C
to degree β”. Analogous rules can be worked out for the other axioms occurring in Tu and have been implemented in 
fuzzyDL.

In the following, we are going to describe how to compute Tu and Tg . Firstly, Sections 3.1–3.4 present some 
auxiliary transformations and simplifications. Then, Section 3.5 describes the partitioning algorithm. Note that all the 
transformations and simplifications do not hold for every fuzzy logic: Appendix B summarises their applicability.

3.1. Concept simplifications

In this section we will show how to simplify a concept to a simpler one. Simplifications are of the form C1 �→ C2, 
indicating that concept C1 is replaced with C2. The simplifications are applied recursively and the constructors �, � are 
considered n-ary, commutative and associative. Note that the applicability of the concept simplifications depend on 
the particular fuzzy logic, as enumerated in Table B.6.

(CS1) C � ⊥ �→ ⊥
(CS2) C � � �→ C

(CS3) C �G C �→ C

(CS4) C �G C �→ C

(CS5) C � ⊥ �→ C

(CS6) C � � �→ �
(CS7) ∃R.⊥ �→ ⊥
(CS8) ∀R.� �→ �
(CS9) ¬� �→ ⊥

(CS10) ¬⊥ �→ �
(CS11) ¬¬C �→ C

(CS12) ¬(C � D) �→ ¬C � ¬D

(CS13) ¬(C � D) �→ ¬C � ¬D

(CS14) ¬∀R.C �→ ∃R.¬C

(CS15) ¬∃R.C �→ ∀R.¬C

(CS16) C → D �→ ¬C � D

(CS17) ¬(C → D) �→ C � ¬D

(CS18) C � ¬C �→ ⊥
(CS19) C � ¬C �→ �
(CS20) C � (C � D) �→ C

(CS21) C � (C � D) �→ C

7 This condition prevents C � D to be introduced via e.g., A .= C, B .= ¬D, disjoint(A, B).
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(CS22) C � (¬C � D) �→ C � D

(CS23) C � (¬C � D) �→ C � D

(CS24) ∀R.C �G ∀R.D �→ ∀R.(C �G D)

(CS25) ∃R.C � ∃R.D �→ ∃R.(C � D)

(CS26) (C �G D) → E �→ (C → E) �G (D → E)

(CS27) ∃R.C �G ∃R.� �→ ∃R.C

(CS28) C � (D � E) �→ C � D � E

(CS29) C � (D � E) �→ C � D � E

(CS30) C � (D �G E) �→ (C � D) �G (C � E)

(CS31) C � (D �G E) �→ (C � D) �G (C � E)

(CS32) C → � �→ �
(CS33) � → C �→ C

(CS34) ⊥ → C �→ �
(CS35) C → ⊥ �→ ¬C

Proposition 3.1. Concept simplifications (CS1)–(CS35) transform a fuzzy concept into an equivalent one.

Proof. Straightforward using the properties in [25]. �
3.2. Redundant GCIs elimination

In this section, we will show that some axioms can safely be removed, since they are trivially satisfied. The GCIs 
that can be eliminated are those of the following forms:

(GE1) 〈⊥ � C,α〉
(GE2) 〈C � �, α〉
(GE3) C

.= C

(GE4) 〈C � C,α〉
(GE5) 〈A � D � A,α〉
(GE6) 〈A � A � D,α〉
(GE7) domain(R, �)

(GE8) range(R, �)

Proposition 3.2. Axioms (GE1)–(GE8) are satisfied by any fuzzy KB.

Proof. Trivial. �
All of the previous eliminations are applicable in any of the fuzzy logics considered.

Remark 2. It is worth to note that (GE4)–(GE6) hold in Zadeh logic because Zadeh implication has been assumed in 
the semantics of GCIs.

3.3. Role absorptions

In this section we will transform some axioms into domain and range restrictions. This way, the axiom is only taken 
into account after a new role relation is created, reducing the application space of the axioms. Firstly, we will extend 
the classical basic role absorption techniques, and then we will extend it to cover more cases. Table B.7 summarises 
the applicability of our role absorptions.

3.3.1. Basic role absorption
In the classical case, � � ∀R.C and ∃R.� � C correspond to range(R, C) and domain(R, C), respectively, and, 

thus, we may transform these GCIs into domain and range restrictions [12]. We have the following rules:
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(RB1) Replace every GCI ∃R.� � C ∈ T with domain(R, C)

(RB2) Replace every GCI � � ∀R.C ∈ T with range(R, C)

3.3.2. Extended role absorptions
In the classical case, ∃R.C � D can be replaced with domain(R, ∃R.C → D) and D � ∀R.C can be replaced with 

domain(R, ∃R.¬C → ¬D), where C → D is ¬C � D. In the fuzzy case we have the following rules:

(RE1) Replace every GCI ∃R.C � D ∈ T with domain(R, ∃R.C → D)

(RE2) Replace every GCI D � ∀R.C ∈ T with domain(R, ∃R.¬C → ¬D)

(RE3) Replace every GCI (E � ∃R.C) � D ∈ T with domain(R, ∃R.C → (E → D))

Remark 3. (RE1)–(RE3) are supported by fuzzyDL under Zadeh semantics since the reasoner allows the combination 
of →Z (concept implication using Zadeh implication in the semantics) with a Zadeh KB. Furthermore, (RE2) is 
supported by fuzzyDL under Łukasiewicz semantics since it allows the combination of →Z with a Łukasiewicz KB. 
The three previous rule also work if →Z is replaced with →G. It is easy to check that the choice of →G and →Z

does not have an impact on the number of absorbed axioms, and it does not seem to produce significant differences in 
practice because fuzzyDL handle the two implications similarly.

Proposition 3.3. Role absorptions (RB1)–(RB2) and (RE1)–(RE3) transform an axiom into an equivalent one.

Proof. See Appendix A. �
3.4. Concept absorptions

In this section, we will rewrite some TBox axioms using either simpler axioms (using GCI transformation rules) or 
primitive GCIs (using primitive concept absorptions). Table B.8 summarises the applicability of these rules. Firstly, 
we will recap the absorptions in the classical case and then we will extend them to fuzzy DLs.

3.4.1. Concept absorptions in classical DLs
For classical DLs we have the following definitions:

GCI transformation rules

(CT1) Replace C � C1 �G . . . �G Cn with {C � Ci}, for i ≤ n

(CT2) Replace C1 �G . . . �G Cn � C with {Ci � C}, for i ≤ n

(CT3) Replace ∃R.{o} � C with o:∀R−.C

(CT4) Replace {a1, . . . , an} � C � D with {ai :¬C � D}, for i ≤ n

Primitive concept absorptions

(CA0) Absorb A � C to A � C8

(CA1) Absorb C � ¬A to A � ¬C

(CA2) Absorb C � ¬A � D to A � ¬C � D

(CA3) Absorb A � D � C to A � C � ¬D

3.4.2. Concept absorptions in fuzzy DLs
For fuzzy DLs we have the following definitions instead:

GCI transformation rules

(FT1) Replace 〈C � C1 �G . . . �G Cn,α〉 with {〈C � Ci,α〉}, for i ≤ n

(FT2) Replace 〈C1 �G . . . �G Cn � C,α〉 with {〈Ci � C,α〉}, for i ≤ n

8 (CA0) and (FA0) are not recursive: as we will see, they will move a GCI from Tg to Tinc.
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(FT3) Replace 〈∃R.{o} � C,α〉 with 〈o:∀R−.C,α〉
(FT4) Replace 〈{a1, . . . , an} � C � D,α〉 with {〈ai :C → D,α〉}, for i ≤ n

Primitive concept absorptions

(FA0) Absorb 〈A � C,α〉 to 〈A � C,α〉
(FA1) Absorb 〈C � ¬A,α〉 to 〈A � ¬C,α〉
(FA2.1) Absorb 〈C � ¬A � D,α〉 to 〈A � ¬C � D,α〉
(FA2.2) Absorb 〈C � A → D,α〉 to 〈A � C → D,α〉
(FA3) Absorb 〈A � D � C,α〉 to 〈A � D → C,α〉

Remark 4. It is worth to note that (FT1)–(FT2) are applicable to Łukasiewicz, Product and classical DLs because 
�G and �G or representable as we have seen in Remark 1. Furthermore, (FT3) is supported by fuzzyDL under Zadeh 
semantics since it allows the combination of ∀Z (universal restriction using Zadeh implication in the semantics) with 
a Zadeh KB.

Proposition 3.4. Transformations (FT1)–(FT4) and (FA0)–(FA3) transform an axiom into an equivalent set of axioms.

Proof. Straightforward. �
3.5. GCI absorption algorithm

The input of the algorithm is a fuzzy KB K = 〈A, T , R〉, and the output is an equivalent K′ = 〈A′, T ′, R〉 with 
A ⊆ A′ and T ′ = {Tg ∪ Tdef ∪ Tinc ∪ Tdom ∪ Trg ∪ Tdisj ∪ Tsyn}. The algorithm has 3 phases: an initial Phase A, a 
looping Phase B and a final Phase C.

Phase A: The following steps are applied:
1. Simplify the GCIs in T using the concept simplifications in Section 3.1
2. Remove redundant GCIs listed in Section 3.2
3. Initialise Tg = Tdef = Tinc = Tdom = Trg = Tdisj = Tsyn = ∅
4. Remove every domain (resp. range) axiom in T and add it to Tdom (resp. Trg)
5. Remove every disjointness axiom in T and add it to Tdisj

6. Remove every synonym axiom in T and add it to Tsyn

7. For every axiom τ ∈ T do
(a) if τ is of the form 〈C � D,α〉 then add τ to Tg

(b) if τ is of the form C .= D then add C � D and D � C to Tg

Phase B: Apply iteratively the following steps to axioms τ ∈ Tg , in the order specified below, until none of these 
steps can be applied to any axiom in Tg . As soon as one step is applied once, we restart Phase B.9 Once none of 
the above steps in Phase B can be applied any more, go to Phase C.

Redundant GCIs removal. Remove redundant GCIs (as in Section 3.2).
GCI transformations. If some of the GCI transformation rules in Section 3.4 can be applied to an axiom τ ∈ Tg , 

remove τ from Tg and add the obtained GCIs to Tg .
Synonym absorption. If for τ ∈ Tg there is τ ′ ∈ Tg ∪ Tinc such that {τ, τ ′} is {A � B, B � A} with A, B atomic, 

then remove τ , τ ′ from the sets they are in and add A .= B to Tsyn.
Primitive concept absorption. If there is a GCI τ ∈ Tg such that some of the primitive concept absorptions in 

Section 3.4 can be applied to it producing a rewriting axiom with an atomic concept in its head that is not 
defined in Tdef , then remove τ from Tg and add the rewriting of τ to Tinc.

Definition absorption. If for some τ ∈ Tg there is τ ′ ∈ Tg ∪ Tinc such that {τ, τ ′} is {A � C, C � A} with A
atomic, C non-atomic, A not defined in Tdef or Tinc \ {τ ′}, and there is no disjoint(A, B) ∈ Tdisj, where B is 
the head of some axiom in Tdef , then remove τ , τ ′ from the sets they are in and add A .= C to Tdef .

9 In this way, it is possible, for example, to remove redundant GCIs that are introduced by the absorption rules.
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Role absorption. If for some τ ∈ Tg any role absorption rule from Section 3.3 can be applied, then remove τ
from Tg and move the obtained domain (resp. range) restriction to Tdom (resp. Trg).

Phase C: Replace any GCI 〈C � D,α〉 ∈ Tg with an equivalent GCI 〈� � E,α〉 where E is the simplification of 
C → D using the rules in Section 3.1, and return the TBox partitioning 〈Tu, Tg〉, where Tu = Tdef ∪ Tinc ∪ Tdr ∪
Tdisj ∪ Tsyn.

The following example illustrates a difference in absorption, depending on the semantics.

Example 3.1. Consider the TBox

T = {A .= B � C,A � D}.
It can be verified that under classical and Zadeh logics, the absorbed TBox is given by

Tinc = {C � A,B � A,A � D,A � B � C}
Tg = Tdef = Tdisj = Tsyn = Tdr = ∅.

Remark 5. Example 3.1 illustrates the usefulness of giving less priority to the “definition absorption” step. If this step 
had a highest priority, the ontology in Example 3.1 would not be absorbed completely.

Next, we will provide an example that will help to illustrate the theoretical significance of our absorption algorithm.

Example 3.2. Consider the TBox

T = {A � B � C}.
under Łukasiewicz semantics. Then the absorbed TBox is

T = {A � B → C}.

Remark 6. Example 3.2 shows that a non-unfoldable KB may be transformed into an unfoldable one as defined 
in [17]. Thus, after the application of our absorption algorithm, we may transform an ontology, for which we do 
not know whether the satisfiability problem is decidable or not, into another form for which we do know that the 
satisfiability problem is decidable [17,18].

Now, as all our concept and GCI transformations are equivalence preserving, the following proposition can easily 
be shown.

Proposition 3.5. Consider K = 〈A, T , R〉 and let be K = 〈A′, T ′, R〉 be the KB obtained from K by applying the 
absorption algorithm. Then K ≡K′.

Eventually, note that we do not create any new RBox axiom or disjointness axiom. Specifically, one could have 
considered a disjointness absorption step such as the following one, but our algorithm applies primitive absorption 
instead.

Disjointness absorption. If there is τ ∈ Tg that is of the form 〈A �G B �⊥, α〉, A and B are not both head of axioms 
in Tdef , then remove τ from TG and add disjoint(A, B) to Tdisj.

4. Evaluation and discussion

Our research hypothesis is that our absorption algorithm may absorb a non-negligible number of GCIs in a fuzzy 
ontology, resulting in a reduction in the reasoning time. To this end, we have implemented the fuzzy GCI absorption 



F. Bobillo, U. Straccia / Fuzzy Sets and Systems 292 (2016) 98–129 111
algorithm in the fuzzy ontology reasoner fuzzyDL, under Zadeh, Łukasiewicz, and classical logics. Currently, fuzzyDL
supports fuzzy SHIBFg(D) extended with many other specific fuzzy DLs constructors [24], which are not of interest 
in our experimentation.

Our evaluation considers a dataset of 51 ontologies, detailed in Section 4.1, and can be divided in two parts. 
Section 4.2 discusses the impact of our absorption algorithm in ontologies (i.e., how many ontologies can benefit 
from it) and Section 4.3 discusses the impact of absorption on the reasoning time.

4.1. Dataset

To evaluate our algorithm, we have selected 49 well-known classical ontologies, encoded in OWL 2 [29]. We also 
built 2 fuzzy ontologies, encoded in FuzzyOWL 2 [33].10 The classical ontologies have been downloaded from the 
TONES OWL ontology repository.11

The ontologies in our dataset are detailed in Table 3, including its identification number (column ID), its name (col-
umn ontology), and some relevant features, namely the expressivity (column expressivity) and the number of classes 
(column classes), primitive GCIs (column AisC), definitional GCIs (column A .= C), domain restrictions (column do-
main), range restrictions (column range), general concept inclusions (column GCIs), and disjoint restrictions (column 
disj). We can see that the features may vary significantly among the ontologies. As it is usual in practice, none of the 
ontologies has synonyms (for this reason a column for the case A .= B was unnecessary) and few have GCIs not being 
primitive or definitional. In the following, to indicate an ontology we will just use its ID.

The two fuzzy ontologies in our dataset are ID4 and ID17. They do not contain graded axioms, but do have axioms 
involving fuzzy concrete domains, such as the axiom described in Example 2.1. ID17 uses also some other fuzzy 
DLs specific constructors not covered here [24]. In ID4 the semantics has been fixed by construction to be Zadeh 
semantics, while in ID17 the semantics is Łukasiewicz.

4.2. Impact of the absorption on the ontologies

Let us now detail our experiments to evaluate the applicability of our absorption algorithm in practice. At first, 
we run our algorithm with all the ontologies in Table 3 w.r.t. classical, Zadeh and Łukasiewicz semantics. Since 
none of these ontologies have graded axioms, we also designed some experiments to measure the impact of graded 
inclusion axioms on the absorption algorithm. With this aim, we generated automatically graded GCIs, expressed as 
Fuzzy OWL 2 axioms, from non-graded GCIs, and again run our algorithm w.r.t. Zadeh and Łukasiewicz semantics. 
Specifically, Algorithm RandomGCIs(T , p) was used to generate random graded GCIs in the following way. The 
algorithm receives a TBox T and a parameter p ∈ [0, 1] indicating the probability that every inclusion axiom in T
becomes graded.

Algorithm RandomGCIs(T , p)

Input: TBox T , the probability to generate a graded GCI p ∈ [0, 1]
Output: Graded TBox T ′ with a percentage of graded inclusion axioms p.
1. T ′ ← ∅
2. for each GCI τ ∈ T
3. if τ is graded or τ is definitional
4. then T ′ ← T ′ ∪ {τ }
5. else generate a random number γ ∈ [0, 1]
6. if γ > p

7. then T ′ ← T ′ ∪ {τ }
8. else generate a random number α ∈ [0, 1]
9. T ′ ← T ′ ∪ {〈τ,α〉}
10. return T ′

10 http :/ /www.straccia .info /software /FuzzyOWL.
11 http://rpc295.cs.man.ac.uk:8080/repository.

http://www.straccia.info/software/FuzzyOWL
http://rpc295.cs.man.ac.uk:8080/repository
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Table 3
Ontology dataset and statistics.

ID Ontology Expressivity Classes A is C A
.= C Domain Range GCIs disj

1 Transportation ALCH(D) 444 452 81 72 317
2 Economy ALCH(D) 337 409 47 42 71
3 lubm ALEHI(D) 43 36 6 25 18
4 FuzzyWine SHIF(D) 177 218 57 11 8 9 1
5 FBbt_XP SHI 7225 12 043 1028 8 6 63
6 galen-ians-full-doctored ALEHIF 2748 2881 699 357
7 process SHIFB(D) 2294 3088 247 169 155 1
8 NCI ALE 27 652 46 800 70 70
9 FMA ALEH 78 983 121 708

10 chebi ALE 20 979 38 375
11 spatial.obo ELH 106 116 58
12 thesaurus ALCH(D) 65 231 83 644 10 242 103 97 171
13 biochemistry-complex ALC 1051 1344 151 64 65 1700
14 worm_phenotype_xp.obo EL 1841 1173
15 ontology ALCHIF 475 567 125 6 6 1247
16 mosquito_insecticide_resistance ALE 524 039 658 390 46 2
17 matchmaking ALCHF(D) 107 80 19 36 6
18 people.fd ALCI 59 33 20 2 4 3
19 pathway.obo ALE 600 696
20 fmaOwlDlComponent_1_4_0 ALCIFB 6487 18 477 12 71
21 propreo SHIFB(D) 400 480 27 30 24
22 earthrealm SHIFB(D) 2294 3088 247 169 155 1
23 so-xp.obo SHI 1660 1709 198 21
24 cancer_my ALCHF(D) 88 82 36 13 12 20
25 cton SHF 17 032 33 060 86 21 553
26 goslim AL 161 79 79
27 photography SHIF(D) 188 237 45 1 242
28 gene_ontology_edit.obo SH 26 225 42 650 3
29 periodic-table-complex ALU 181 168 46
30 amino-acid ALCF(D) 46 238 12 5 5 199
31 yowl-complex SHIF(D) 336 271 116 54 55 141
32 atom-common ALCHI 14 13 2 5 5 55
33 GRO ALCIF(D) 419 636 60 4 6 96
34 chemistry-complex SHIF(D) 790 1080 149 64 65 1578
35 mygrid-moby-service ALCHIF(D) 504 591 125 42 17 1247
36 time-modification ALUHIF(D) 143 226 39 65 62 19
37 EMAP.obo ALE 13 731 13 730
38 teleost_taxonomy.obo AL 36 076 36 069
39 heart SHI 75 224 30 28 29 2
40 relative-places SHIF 16 18 4 15 14 2
41 po SHIFB(D) 91 79 18 131 79 24
42 SIGKDD-EKAW SHIF(D) 115 134 7 51 40 74
43 legal-action ALC 100 175 39 53 52 19
44 pizza SHIFB 99 259 13 6 7 398
45 AirSystem SHIF 113 210 10 114 104 29
46 norm SHI 154 249 55 61 60 21
47 organic-compound-complex ALCHI 71 69 37 5 5 56
48 reaction SHIF 77 73 20 8 8 54
49 chemical ALCHF(D) 48 46 18 18 8 6
50 subatomic-particle-complex SHIF(D) 94 93 15 50 50 112
51 PRO SH 26 017 21 758 4505 681

To test the impact of graded axioms on the absorption algorithm, we considered for each of the 2 fuzzy seman-
tics (namely Zadeh and Łukasiewicz), the 3 cases p ∈ {0.33, 0.66, 1.0}, indicating that one third, two thirds, and all 
inclusion axioms are graded, respectively. All ontologies, whether in OWL 2 format or Fuzzy OWL 2 format, where 
translated by a parser [33] into fuzzyDL syntax discarding the expressions that fuzzyDL is not able to process. The 
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Table 4
Number of non-absorbed ontologies.

c z l z.33 l.33 z.66 l.66 z.100 l.100 Total

2 2 22 2 22 2 23 2 23 100
4% 4% 43% 4% 43% 4% 45% 4% 45% 22%

statistics illustrated in Table 3 refer to the fuzzyDL processable variant of the ontologies. All the evaluation dataset, 
which includes the original (fuzzy) OWL 2 ontologies, the randomly generated Fuzzy OWL 2 ontologies, their trans-
lation into fuzzyDL, and all the information and software to replicate the experiments, can be freely downloaded.12

To avoid unnecessary processing time, fuzzyDL checks first if the ontology is already lazy unfoldable. If this is the 
case, then the ontology is left as it is, otherwise the absorption algorithm is run over it. For each ontology, we run 
9 tests (3 non-graded and 6 graded) and, thus, overall run 459 tests. The tests were run under a computer with Mac 
OS X 10.7.5, Mac Pro 2x3 GHz Dual-Core Intel Xeon, and 9 GB Ram.

The results of the algorithm runs are reported in Tables C.9–C.17.

• The first column shows the ontology ID.
• The second column shows the logic considered in the semantics: z denotes Zadeh, l denotes Łukasiewicz and c 

denotes classical logic. We also use the label f.n, with f ∈ {z, l}, n ∈ {33, 66, 100}, to denote that the logic f has 
been chosen and that the TBox has been randomised with parameter p = n/100.

• The next seven columns show the size of each of the parts of the TBox.
• The column “LU” indicates if the lazy unfoldable check succeeded before starting the absorption algorithm.
• The column tabs shows the running time (in seconds) of the absorption algorithm. The running time includes the 

time to read the ontology from the file. If “LU” is marked, the time only included the time to read the ontology 
and the lazy unfoldable check; otherwise, the execution time of the absorption algorithm is also added.

Recall that the ontologies that have completely been absorbed are identified with Tg = ∅. In the following, for

x ∈ {g,u, inc,def , syn,dom, rg,disj}
y ∈ {c, z, l, z.33, l.33, z.66, l.66, z.100, l.100},

with T y
x we will indicate the TBox Tx returned by the absorption algorithm under the case y. With T̄ we also indicate 

the TBox obtained from T by replacing all graded axioms 〈τ,α〉 ∈ T with their non-graded variant τ . Additionally, if 
K is an ontology, with K′ we denote the ontology obtained from K in which some non-graded GCIs τ ∈K have been 
replaced with a graded variant 〈τ,α〉.

A first observation is that whenever a classical ontology K is already lazy unfoldable (LU column flagged), then 
so is K′. More generally, we can easily prove the following result.

Proposition 4.1. If a classical ontology K is already lazy unfoldable before running the absorption algorithm, then 
so are also K and K′ under any fuzzy semantics.

Consequently, we do not further analyse those ontologies with the “LU” column flagged. For the other ones, Table 4
resumes the number of ontologies that we were not able to absorb. As we can see, the success percentage (78% overall) 
is non-negligible. Hence, the first part of our research hypothesis is verified.

Now we will study separately the cases of classical and Zadeh semantics, and the case of Łukasiewicz semantics. 
Then, we will enumerate some common non-absorbable patterns that we were able to identify.

The cases of classical and Zadeh semantics It is interesting to note that an ontology is absorbable under classical 
semantics if and only if it is absorbable according to Zadeh semantics. In fact, from the absorption rule conditions, 
the following propositions can be shown.

12 http://straccia.info/ftp/absorption.test.zip.

http://straccia.info/ftp/absorption.test.zip
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Proposition 4.2. Consider a non-graded inclusion axiom τ . Then the following are equivalent:

1. we can absorb τ under classical semantics;
2. we can absorb τ under Zadeh semantics;
3. we can absorb 〈τ,α〉 under Zadeh semantics.

We get immediately then that for y ∈ {z.33, z.66, z.100}
T c

g = T z
g = T̄ y

g .

The following proposition is a more general result.

Proposition 4.3. Let K = 〈A, T , R〉 be an ontology and let K′ = 〈A, T ′, R〉, where T ′ is as T except that some GCI 
τ ∈ T has been replaced with a graded variant 〈τ,α〉. Then

T c
g = T z

g = T̄ ′
g.

Therefore, we can formulate the following proposition.

Proposition 4.4. Let K = 〈A, T , R〉 be an ontology and let K′ = 〈A, T ′, R〉, where T ′ is as T except that some 
non-graded GCI τ ∈ T has been replaced with a graded variant 〈τ,α〉. Then the following are equivalent:

1. we can absorb K under classical semantics;
2. we can absorb K under Zadeh semantics;
3. we can absorb K′ under Zadeh semantics.

We were able to absorb 49 ontologies, i.e., all ontologies except 2, namely ID21 and ID49.

The case of Łukasiewicz semantics In this case, we can show the following result.

Proposition 4.5. Let K = 〈A, T , R〉 be an ontology and assume Łukasiewicz semantics.

If T l
g = ∅ then T c

g = ∅.

The converse does not hold, as it happens for example in ID27, where T c
g = ∅ = T l

g = T l.33
g , but T l.66

g �= ∅.

Non-absorbed GCI patterns We conclude this section by illustrating the GCI patterns that we were not able to 
absorb.

Pattern 1. Consider a TBox containing

A
.= ∀R.C

A � B

with B atomic. This pattern occurs in ID49 as

VR_RelatedPublishedWork
.= ∀refersToPrecursor.VR_Precursor

VR_RelatedPublishedWork� NerveAgentRelatedPublishedWork.

In any semantics setting, our algorithm is not able to absorb the pattern. Specifically, the algorithm generates

{A � ∀R.C,A � B} ⊆ Tinc

� � ∀R.C → A ∈ Tg.
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Pattern 2. Consider a TBox containing

〈∃R.A � ∃S.B,α〉
with α < 1. This pattern occurs in ID27, cases l.66 and l.100 (in the l.33 case the axiom was not graded). Specifically, 
in ID27.l.66 the pattern occurs as

〈∃increases.LightIntensity� ∃increases.ExposureLevel,0.46〉.
This pattern happens in Łukasiewicz logic with graded axioms. While for α = 1 our algorithm absorbs it using rule 
(RE1), the rule does not apply for the α < 1 case.

It remains to see whether one may work out some kind of graded domain and range axioms of the form 
domain(R, C, α) and range(R, C, α), with semantics 〈∃R.� � C,α〉 and 〈� � ∀R.C,α〉, respectively, and in which 
cases they would allow to absorb GCIs of the above form.

Pattern 3. Consider a TBox containing

A
.= B1 � B2

A � B3

with Bi atomic. This pattern occurs in the remaining non-absorbable ontologies, namely ID13, ID24, ID25, ID29, 
ID30, ID31, ID32, ID34, ID36, ID39, ID40, ID41, ID43, ID44, ID45, ID46, ID47, ID48, ID50, and ID51.

For instance, in ID24, the pattern occurs as

CarbonGroup
.= Alkyl � Aryl

CarbonGroup� OrganicGroup

While for classical and Zadeh logics our algorithm absorbs the patterns as (see also Example 3.1)

{A � B1 � B2,A � B3,B1 � A,B2 � A} ⊆ Tinc,

this is no longer possible under Łukasiewicz logic. The same problem happens for instance in Product logic.

4.3. Impact of absorption on reasoning

We also conducted a preliminary evaluation on the impact of the absorption algorithm on reasoning time. Specif-
ically, for each ontology in Table 3, we manually selected 2 subsumption problems: one for which the subsumption 
holds, and another one for which the subsumption does not hold. For each ontology, we submitted the 2 subsumption 
problems for the 9 cases f ∈ {c, l, z}, and f.n, with f ∈ {l, z}, n ∈ {33, 66, 100}. We set a timeout limit of 5 minutes.

The results are reported in the column tsubs of Tables C.9–C.17. The value refers to the average time of the two 
subsumption tests, where TO means that at least one problem exceeded the timeout limit. tsubs measures only the 
reasoning time after excluding the absorption time tabs.

We also run the subsumption tests by switching off the absorption algorithm, so that all GCIs have been put into Tg , 
i.e., all GCIs have been transformed into the form 〈� � C,n〉. We used the same timeout limit.

The complete results are reported in the tnoAbs column of Tables C.9–C.17. Similarly as for tsubs, tnoAbs measures 
only the reasoning time by excluding the ontology reading time: the time measurement starts exactly at the same 
moment as for tsubs in order to make these two measurements comparable.

Table 5 summarises the results. We differentiate between the ontologies that are lazy unfoldable since the beginning 
(those with LU flag), absorbable ontologies in classical and Zadeh, absorbable ontologies in classical, Zadeh, and 
Łukasiewicz, and non-absorbable ontologies in any of the three cases. For each of these cases, we indicate whether 
there is a timeout always (regardless of whether the ontology is absorbed or not), there is a timeout only if there is no 
absorption, or there is never a timeout.

As we can see in Tables C.9–C.17, despite that fuzzyDL has not yet been optimised neither for instance checking 
problems nor for subsumption problems, the subsumption problems, when solved, have been solved in no more than 
2 seconds (most of the times, in a fraction of second). The only exceptions are ID30 (for the case f = l) and ID44. 



116 F. Bobillo, U. Straccia / Fuzzy Sets and Systems 292 (2016) 98–129
Table 5
Summary of the results.

Timeout always No timeout if absorbed No timeout ever

Lazy unfoldable 1 
(ID20)

14
(ID1, ID2, ID7, ID8, ID9, 
ID10, ID12, ID14, ID17, ID19, 
ID22, ID28, ID37, ID38)

1 
(ID26)

Absorbable c, l, z 5 
(ID5, ID6, ID15, ID33, ID35)

7 
(ID3, ID4, ID11, ID16, 
ID18, ID23, ID42)

0

Absorbable c, z 10 
(ID13, ID27, ID31, ID34, ID36, 
ID39, ID43, ID45, ID46, ID47)

7 
(ID24, ID25, ID30, ID41, 
ID44, ID48, ID51)

4 
(ID29, ID32, 
ID40, ID50)

Not absorbable 2 
(ID21, ID49)

0 0

These cases, together with the unresolved cases, indicate that we need further to develop optimised subsumption and 
instance checking algorithms.

As expected, without the absorption fuzzyDL failed to complete most of the tests. Therefore, the benefit of the 
absorption algorithm seems to be non-negligible on reasoning time.13

Remark 7. There are 5 ontologies for which the subsumption tests succeeded within the imposed timeout limit, 
namely ID26, ID29, ID32, ID40, and ID50, even without running the absorption algorithm. However, let us point out 
that in these cases, the constructed completion-forest [1,20] is relatively small, which motivates the low running time. 
Indeed, the following observations regarding the ∃R.C constructor, which is one of the main sources of complexity in 
DLs, can help to understand this behaviour:

• in ID26, ID29, and ID32 the constructor ∃R.C does not occur;
• in ID50 the constructor ∃R.C appears once;
• ID40 has some ∃R.C constructors, but no ∃R.C is involved in the execution of the subsumption test.

As a final consideration, it is useful to consider what one could expect from other ontologies not included in our 
dataset. Since our ontologies have different features, we believe that our results seem significant enough. However, 
the application of our absorption procedure to other ontologies may still give rise to other absorbable patterns that we 
have not yet identified. However, the design of our algorithm makes it easy to plug such patterns into our absorption 
algorithm.

5. Conclusions

In this paper, we have presented the first absorption algorithm for fuzzy DLs. From a theoretical point of view, our 
absorption algorithm may transform ontologies for which we do not know in advance whether a decision problem is 
decidable or not, into another form for which we do know that the decision problem at hand is decidable: this happens 
for example in Example 3.2.

To understand the effectiveness of our absorption algorithm, we have implemented our algorithm into the fuzzyDL
reasoner and evaluated it over 51 ontologies. Our results are very encouraging and show that this optimisation may 
dramatically decreases the inference time. We were also able to identify some patterns that our algorithm is not able 
to absorb yet.

There are several directions for future research related to optimised fuzzy DL reasoning that still need to be ad-
dressed.

13 Of course, a deeper investigation is necessary here.
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Absorption. We plan to investigate and evaluate more deeply our absorption algorithm considering more ontologies 
and several heuristics (e.g., which atom to select for absorption and concept name unfolding) such as those 
reported in the literature [1,10–12,14–16].

Classification. While we already have implemented in fuzzyDL all fuzzy lazy unfolding rules related to absorbed 
TBoxes and preliminary subsumption tests perform very fast, a non-trivial optimised fuzzy classification al-
gorithm in the style of [35] has still to be worked out. It seems that classification is more involved in the 
fuzzy case (if concrete domains are involved or GCIs are graded) because, contrary to the crisp case, one 
may have T |� 〈A � B,n1〉, T |� 〈B � A,β2〉, T |� 〈B � C,β3〉, T |� 〈A � C,β4〉, with 0 < β1 �= β2 ≤ 1 and 
0 < β1 ⊗ β3 < β4 ≤ 1.

Instance retrieval. Other important tasks to investigate are optimising instance checking, i.e., determining the best 
entailment degree bed(K, a:C) = sup{α | K |� 〈a:C,α〉}, and optimising instance retrieval, i.e., determining the 
set ans(K, C) = {〈a, α〉 | α = bed(K, a:C)} [8,9,36–39]. In that direction, fuzzyDL already implements a fuzzy 
variant of anywhere blocking [40].
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Appendix A. Selection of proofs

In this appendix we include some proofs of the results shown in the paper. We will show that role absorptions 
(RE1) and (RE3) are correct for Gödel DLs, and that (RE2) is correct for Łukasiewicz and Zadeh DLs extended with 
Zadeh implication concept constructor (a combination supported by fuzzyDL).

(RE1) In Gödel DLs, C � D is the same as � � C → D. So, we can rewrite ∃R.C � D ∈ T as � � ∃R.C → D and 
∃R.� � ∃R.C → D as � � ∃R.� → (∃R.C → D). The latter corresponds to domain(R, ∃R.C → D). We 
have to show that � � ∃R.C → D and � � ∃R.� → (∃R.C → D) are equivalent.
⇒) By assumption, for any v, (∃R.C → D)(v) = 1. But then obviously (∃R.� → (∃R.C → D))(v) = 1 for 

any r-implication →.
⇐) By assumption, for any v, (∃R.� → (∃R.C → D))(v) = 1 and thus, (∃R.�)(v) ≤ (∃R.C → D)(v). 

Now, for some w,

(∃R.C)(v) = R(v,w) ⊗ C(w) ≤ (∃R.�)(v) ≤ (∃R.C → D)(v),

i.e.,

(∃R.C)(v) ≤ (∃R.C → D)(v), (A.1)

which is of the form

x ≤ x → y.

Suppose that y < x. Then y < x ≤ x → y = y, which is absurd. Thus, x ≤ x → y implies x ≤ y. Applied 
to Eq. (A.1), we get

(∃R.C)(v) ≤ D(v),

that is, (∃R.C → D)(v) = 1, which concludes.
(RE2) In Łukasiewicz and Zadeh fuzzy DLs, C � D is equivalent to ¬D � ¬C. Hence, D � ∀R.C is equiva-

lent to ¬∀R.C � ¬D. Using inter-definability of universal and existential restrictions, the latter is equiv-
alent to ∃R.¬C � ¬D. Now, we can apply extended role absorption (RE1) and replace this GCI with 
domain(R, ∃R.¬C →G ¬D).

(RE3) Similarly as in (FA3), (E � ∃R.C) � D is equivalent to ∃R.C � E → D to which we apply then rule (RE1).
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Table B.6
Supported concept simplifications.

ID classical fuzzyDL Any Ł G Π Z

(CS1) � � � � � � �
(CS2) � � � � � � �
(CS3) � � � � � � �
(CS4) � � � � � � �
(CS5) � � � � � � �
(CS6) � � � � � � �
(CS7) � � � � � � �
(CS8) � � � � � � �
(CS9) � � � � � � �
(CS10) � � � � � � �
(CS11) � � � �
(CS12) � � � � � � �
(CS13) � � � � � � �
(CS14) � � � �
(CS15) � � � �
(CS16) � � � �
(CS17) � � � �
(CS18) � � � � �
(CS19) � � �
(CS20) � � � �
(CS21) � � � �
(CS22) � � �
(CS23) � � �
(CS24) � � � � � � �
(CS25) � � � �
(CS26) � � � � � � �
(CS27) � � � � � � �
(CS28) � � � � � � �
(CS29) � � � � � � �
(CS30) � � � � � � �
(CS31) � � � � � � �
(CS32) � � � � � � �
(CS33) � � � � � � �
(CS34) � � � � � � �
(CS35) � � � � � �

Table B.7
Supported role absorptions.

ID Classical fuzzyDL Any Ł G Π Z

(RB1) � � � � � � �
(RB2) � � � � � � �
(RE1) � � �
(RE2) � �
(RE3) � � �

Appendix B. Applicability of our results

This appendix summarises for which fuzzy logics apply our results. Apart from the classical case, and the four main 
fuzzy DLs (Ł, G, Π , and Z), we consider any t-norm based DL (denoted any, with → interpreted as the residuum 
of the t-norm), and the language supported by the fuzzyDL reasoner (denoted fuzzyDL). fuzzyDL supports arbitrary 
combinations of operators from Łukasiewicz and Zadeh logics, but also Zadeh and Gödel implications as concept 
constructors. Table B.6 sums up the concept simplifications, Table B.7 the role absorptions, and Table B.8 compiles 
the GCIs simplifications and concept absorptions.
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Table B.8
Supported concept absorptions.

ID Classical fuzzyDL Any Ł G Π Z

(CT1) � �
(CT2) � �
(CT3) � �
(CT4) � �
(CA0) � �
(CA1) � �
(CA2) � �
(CA3) � �
(FT1) � � � � � �
(FT2) � � � � � �
(FT3) � � � � �
(FT4) � � � � � �
(FA0) � � � � � �
(FA1) � � �
(FA2.1) � �
(FA2.2) � � � � �
(FA3) � � � � �

Table C.9
Results of the absorption algorithm: ID1–ID3.

ID Logic Tinc Tdef Tsyn Tdom Trg Tg Tdisj LU tabs tsubs tnoAbs

1 c 452 81 72 317 � 0.023 0.013 TO
z 452 81 72 317 � 0.024 0.013 TO
l 452 81 72 317 � 0.021 0.013 TO
z.33 452 81 72 317 � 0.021 0.013 TO
l.33 452 81 72 317 � 0.023 0.012 TO
z.66 452 81 72 317 � 0.025 0.013 TO
l.66 452 81 72 317 � 0.026 0.013 TO
z.100 452 81 72 317 � 0.024 0.013 TO
l.100 452 81 72 317 � 0.025 0.012 TO

2 c 409 47 42 71 � 0.106 0.016 TO
z 409 47 42 71 � 0.099 0.016 TO
l 409 47 42 71 � 0.086 0.017 TO
z.33 409 47 42 71 � 0.098 0.015 TO
l.33 409 47 42 71 � 0.085 0.018 TO
z.66 409 47 42 71 � 0.098 0.015 TO
l.66 409 47 42 71 � 0.089 0.018 TO
z.100 409 47 42 71 � 0.097 0.016 TO
l.100 409 47 42 71 � 0.084 0.017 TO

3 c 54 25 18 1.944 0.013 TO
z 54 25 18 2.012 0.014 TO
l 48 25 18 1.664 0.015 TO
z.33 54 25 18 2.486 0.015 TO
l.33 48 25 18 1.743 0.014 TO
z.66 54 25 18 2.219 0.015 TO
l.66 48 25 18 1.688 0.016 TO
z.100 54 25 18 2.188 0.015 TO
l.100 48 25 18 1.772 0.016 TO

Appendix C. Detailed results of our experiments

This section contains the complete results of the absorption algorithm runs, detailed in Tables C.9–C.17.
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Table C.10
Results of the absorption algorithm: ID4–ID9.

ID Logic Tinc Tdef Tsyn Tdom Trg Tg Tdisj LU tabs tsubs tnoAbs

4 c 394 18 8 1 0.11 0.196 TO
z 394 18 8 1 0.112 0.200 TO
l 394 18 8 1 0.109 0.194 TO
z.33 394 18 8 1 0.114 0.196 TO
l.33 394 18 8 1 0.109 0.198 TO
z.66 394 18 8 1 0.114 0.200 TO
l.66 394 18 8 1 0.112 0.199 TO
z.100 394 18 8 1 0.111 0.198 TO
l.100 394 18 8 1 0.106 0.198 TO

5 c 15 175 8 6 63 2.021 TO TO
z 15 175 8 6 63 1.664 TO TO
l 14 099 8 6 63 1.913 TO TO
z.33 15 175 8 6 63 1.122 TO TO
l.33 14 099 8 6 63 1.028 TO TO
z.66 15 175 8 6 63 1.181 TO TO
l.66 14 099 8 6 63 1.31 TO TO
z.100 15 175 8 6 63 1.128 TO TO
l.100 14 099 8 6 63 1.25 TO TO

6 c 5507 18 1.768 TO TO
z 5507 18 1.729 TO TO
l 4600 18 1.863 TO TO
z.33 5507 18 1.624 TO TO
l.33 4600 18 1.852 TO TO
z.66 5507 18 1.627 TO TO
l.66 4600 18 1.801 TO TO
z.100 5507 18 1.581 TO TO
l.100 4600 18 1.825 TO TO

7 c 3084 12 235 169 155 1 � 0.297 1.241 TO
z 3084 12 235 169 155 1 � 0.307 1.216 TO
l 3084 12 235 169 155 1 � 0.301 1.296 TO
z.33 3084 12 235 169 155 1 � 0.289 1.192 TO
l.33 3084 12 235 169 155 1 � 0.253 1.130 TO
z.66 3084 12 235 169 155 1 x 0.848 1.061 TO
l.66 3084 12 235 169 155 1 � 0.762 0.972 TO
z.100 3084 12 235 169 155 1 � 0.862 1.513 TO
l.100 3084 12 235 169 155 1 � 0.785 1.186 TO

8 c 46 800 70 70 � 0.378 0.184 TO
z 46 800 70 70 � 0.408 0.163 TO
l 46 800 70 70 � 0.424 0.181 TO
z.33 46 800 70 70 � 0.774 0.135 TO
l.33 46 800 70 70 � 0.678 0.19 TO
z.66 46 800 70 70 � 0.794 0.149 TO
l.66 46 800 70 70 � 0.746 0.173 TO
z.100 46 800 70 70 � 0.471 0.143 TO
l.100 46 800 70 70 � 0.473 0.198 TO

9 c 121 708 � 0.627 0.734 TO
z 121 708 � 0.617 0.659 TO
l 121 708 � 0.656 0.809 TO
z.33 121 708 � 0.645 0.673 TO
l.33 121 708 � 0.626 0.723 TO
z.66 121 708 � 0.608 0.827 TO
l.66 121 708 � 0.575 0.807 TO
z.100 121 708 � 0.681 0.82 TO
l.100 121 708 � 0.666 0.763 TO
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Table C.11
Results of the absorption algorithm: ID10–ID15.

ID Logic Tinc Tdef Tsyn Tdom Trg Tg Tdisj LU tabs tsubs tnoAbs

10 c 38 375 � 0.491 0.161 TO
z 38 375 � 0.53 0.163 TO
l 38 375 � 0.496 0.163 TO
z.33 38 375 � 0.66 0.176 TO
l.33 38 375 � 0.744 0.189 TO
z.66 38 375 � 0.762 0.193 TO
l.66 38 375 � 0.606 0.176 TO
z.100 38 375 � 0.729 0.193 TO
l.100 38 375 � 0.732 0.207 TO

11 c 240 0.074 0.183 TO
z 240 0.071 0.192 TO
l 232 0.063 0.180 TO
z.33 240 0.07 0.187 TO
l.33 232 0.063 0.183 TO
z.66 240 0.07 0.202 TO
l.66 232 0.059 0.198 TO
z.100 240 0.071 0.192 TO
l.100 232 0.064 0.185 TO

12 c 83 644 10 242 103 97 171 � 0.613 0.374 TO
z 83 644 10 242 103 97 171 � 0.634 0.353 TO
l 83 644 10 242 103 97 171 � 0.606 0.383 TO
z.33 83 644 10 242 103 97 171 � 0.599 0.363 TO
l.33 83 644 10 242 103 97 171 � 0.623 0.355 TO
z.66 83 644 10 242 103 97 171 � 0.602 0.365 TO
l.66 83 644 10 242 103 97 171 � 0.681 0.343 TO
z.100 83 644 10 242 103 97 171 � 0.594 0.355 TO
l.100 83 644 10 242 103 97 171 � 0.581 0.384 TO

13 c 1886 9 76 65 1700 0.252 TO TO
z 1886 9 76 65 1700 0.243 TO TO
l 1550 12 9 76 65 54 1700 0.222 TO TO
z.33 1886 9 76 65 1700 0.256 TO TO
l.33 1550 12 9 76 65 54 1700 0.233 TO TO
z.66 1886 9 76 65 1700 0.241 TO TO
l.66 1550 12 9 76 65 54 1700 0.234 TO TO
z.100 1886 9 76 65 1700 0.248 TO TO
l.100 1550 12 9 76 65 54 1700 0.243 TO TO

14 c 1173 � 0.013 0.025 TO
z 1173 � 0.013 0.025 TO
l 1173 � 0.012 0.024 TO
z.33 1173 � 0.014 0.03 TO
l.33 1173 � 0.016 0.025 TO
z.66 1173 � 0.013 0.026 TO
l.66 1173 � 0.012 0.024 TO
z.100 1173 � 0.014 0.025 TO
l.100 1173 � 0.012 0.044 TO

15 c 726 131 6 1247 0.163 TO TO
z 726 131 6 1247 0.147 TO TO
l 692 131 6 1247 0.12 TO TO
z.33 726 131 6 1247 0.146 TO TO
l.33 692 131 6 1247 0.133 TO TO
z.66 726 131 6 1247 0.151 TO TO
l.66 692 131 6 1247 0.134 TO TO
z.100 726 131 6 1247 0.144 TO TO
l.100 692 131 6 1247 0.146 TO TO
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Table C.12
Results of the absorption algorithm: ID16–ID21.

ID Logic Tinc Tdef Tsyn Tdom Trg Tg Tdisj LU tabs tsubs tnoAbs

16 c 658 440 2 228.547 1.401 TO
z 658 440 2 196.418 1.643 TO
l 658 482 2 104.403 1.552 TO
z.33 658 440 2 104.927 1.636 TO
l.33 658 482 2 85.294 1.626 TO
z.66 658 440 2 113.289 1.589 TO
l.66 658 482 2 113.912 1.358 TO
z.100 658 440 2 140.782 1.62 TO
l.100 658 482 2 128.486 1.675 TO

17 c 80 19 36 6 � 0.004 0.016 TO
z 80 19 36 6 � 0.004 0.022 TO
l 80 19 36 6 � 0.004 0.016 TO
z.33 80 19 36 6 � 0.004 0.016 TO
l.33 80 19 36 6 � 0.004 0.017 TO
z.66 80 19 36 6 � 0.003 0.019 TO
l.66 80 19 36 6 � 0.005 0.016 TO
z.100 80 19 36 6 � 0.005 0.017 TO
l.100 80 19 36 6 � 0.005 0.018 TO

18 c 94 2 2 4 3 0.038 0.109 TO
z 94 2 2 4 3 0.033 0.119 TO
l 71 2 2 4 3 0.038 0.180 TO
z.33 94 2 2 4 3 0.036 0.122 TO
l.33 71 2 2 4 3 0.033 0.186 TO
z.66 94 2 2 4 3 0.042 0.121 TO
l.66 71 2 2 4 3 0.03 0.189 TO
z.100 94 2 2 4 3 0.042 0.119 TO
l.100 71 2 2 4 3 0.029 0.179 TO

19 c 696 � 0.026 0.024 TO
z 696 � 0.025 0.020 TO
l 696 � 0.028 0.021 TO
z.33 696 � 0.023 0.021 TO
l.33 696 � 0.033 0.021 TO
z.66 696 � 0.023 0.021 TO
l.66 696 � 0.023 0.023 TO
z.100 696 � 0.024 0.02 TO
l.100 696 � 0.026 0.02 TO

20 c 18 477 12 71 � 0.845 TO TO
z 18 477 12 71 � 0.849 TO TO
l 18 477 12 71 � 0.859 TO TO
z.33 18 477 12 71 � 0.829 TO TO
l.33 18 477 12 71 � 0.868 TO TO
z.66 18 477 12 71 � 0.847 TO TO
l.66 18 477 12 71 � 0.909 TO TO
z.100 18 477 12 71 � 0.85 TO TO
l.100 18 477 12 71 � 0.892 TO TO

21 c 556 34 24 2 0.129 TO TO
z 556 34 24 2 0.127 TO TO
l 520 7 34 24 2 0.118 TO TO
z.33 556 34 24 2 0.138 TO TO
l.33 520 7 34 24 2 0.116 TO TO
z.66 556 34 24 2 0.126 TO TO
l.66 520 7 34 24 2 0.123 TO TO
z.100 556 34 24 2 0.135 TO TO
l.100 520 7 34 24 2 0.124 TO TO
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Table C.13
Results of the absorption algorithm: ID22–ID27.

ID Logic Tinc Tdef Tsyn Tdom Trg Tg Tdisj LU tabs tsubs tnoAbs

22 c 3084 12 235 169 155 1 � 0.281 1.404 TO
z 3084 12 235 169 155 1 � 0.278 1.418 TO
l 3084 12 235 169 155 1 � 0.28 1.304 TO
z.33 3084 12 235 169 155 1 � 0.284 1.379 TO
l.33 3084 12 235 169 155 1 � 0.275 1.196 TO
z.66 3084 12 235 169 155 1 � 0.754 1.080 TO
l.66 3084 12 235 169 155 1 � 0.702 0.965 TO
z.100 3084 12 235 169 155 1 � 0.753 2.070 TO
l.100 3084 12 235 169 155 1 � 0.698 1.382 TO

23 c 2321 21 0.309 0.055 TO
z 2321 21 0.294 0.056 TO
l 2105 21 0.265 0.063 TO
z.33 2321 21 0.304 0.057 TO
l.33 2105 21 0.265 0.063 TO
z.66 2321 21 0.295 0.055 TO
l.66 2105 21 0.271 0.063 TO
z.100 2321 21 0.295 0.055 TO
l.100 2105 21 0.278 0.064 TO

24 c 167 1 14 12 20 0.052 0.457 TO
z 167 1 14 12 20 0.053 0.463 TO
l 152 14 12 1 20 0.048 1.508 TO
z.33 167 1 14 12 20 0.052 0.434 TO
l.33 152 14 12 1 20 0.049 1.549 TO
z.66 167 1 14 12 20 0.052 0.449 TO
l.66 152 14 12 1 20 0.05 1.548 TO
z.100 167 1 14 12 20 0.054 0.442 TO
l.100 152 14 12 1 20 0.05 1.483 TO

25 c 33 145 83 21 553 1.015 0.124 TO
z 33 145 83 21 553 0.998 0.109 TO
l 33 145 83 3 21 553 0.989 0.171 TO
z.33 33 145 83 21 553 1.224 0.109 TO
l.33 33 145 83 3 21 553 1.212 0.191 TO
z.66 33 145 83 21 553 1.163 0.119 TO
l.66 33 145 83 3 21 553 1.204 0.192 TO
z.100 33 145 83 21 553 1.014 0.108 TO
l.100 33 145 83 3 21 553 1.057 0.179 TO

26 c 79 79 � 0.005 0.009 0.082
z 79 79 � 0.004 0.01 0.062
l 79 79 � 0.004 0.009 0.075
z.33 79 79 � 0.004 0.009 0.058
l.33 79 79 � 0.004 0.014 0.067
z.66 79 79 � 0.005 0.009 0.057
l.66 79 79 � 0.004 0.009 0.058
z.100 79 79 � 0.004 0.009 0.057
l.100 79 79 � 0.005 0.01 0.058

27 c 375 1 242 0.082 TO TO
z 375 1 242 0.079 TO TO
l 327 1 242 0.068 TO TO
z.33 379 1 242 0.081 TO TO
l.33 331 1 242 0.07 TO TO
z.66 379 1 242 0.081 TO TO
l.66 331 1 242 0.075 TO TO
z.100 379 1 242 0.081 TO TO
l.100 331 1 242 0.082 TO TO
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Table C.14
Results of the absorption algorithm: ID28–ID33.

ID Logic Tinc Tdef Tsyn Tdom Trg Tg Tdisj LU tabs tsubs tnoAbs

28 c 42 650 3 � 0.372 0.057 TO
z 42 650 3 � 0.378 0.058 TO
l 42 650 3 � 0.4 0.057 TO
z.33 42 650 3 � 0.419 0.061 TO
l.33 42 650 3 � 0.506 0.056 TO
z.66 42 650 3 � 0.372 0.058 TO
l.66 42 650 3 � 0.386 0.061 TO
z.100 42 650 3 � 0.389 0.058 TO
l.100 42 650 3 � 0.392 0.064 TO

29 c 493 9 0.091 0.057 0.226
z 493 9 0.084 0.067 0.23
l 205 11 9 26 0.062 0.077 0.169
z.33 493 9 0.079 0.069 0.241
l.33 205 11 9 26 0.068 0.074 0.181
z.66 493 9 0.083 0.067 0.239
l.66 205 11 9 26 0.064 0.074 0.173
z.100 493 9 0.08 0.066 0.236
l.100 205 11 9 26 0.066 0.084 0.181

30 c 284 5 5 199 0.059 0.050 TO
z 284 5 5 199 0.06 0.051 TO
l 256 5 5 6 199 0.051 7.901 TO
z.33 284 5 5 199 0.061 0.05 TO
l.33 256 5 5 6 199 0.053 7.876 TO
z.66 284 5 5 199 0.06 0.052 TO
l.66 256 5 5 6 199 0.053 7.970 TO
z.100 284 5 5 199 0.065 0.050 TO
l.100 256 5 5 6 199 0.06 8.037 TO

31 c 333 79 54 55 141 0.118 TO TO
z 333 79 54 55 141 0.103 TO TO
l 324 1 79 54 55 20 141 0.151 TO TO
z.33 333 79 54 55 141 0.1 TO TO
l.33 324 1 79 54 55 20 141 0.148 TO TO
z.66 333 79 54 55 141 0.109 TO TO
l.66 324 1 79 54 55 20 141 0.15 TO TO
z.100 333 79 54 55 141 0.097 TO TO
l.100 324 1 79 54 55 20 141 0.133 TO TO

32 c 24 5 5 55 0.008 0.027 0.094
z 24 5 5 55 0.007 0.027 0.103
l 15 5 5 2 55 0.008 0.03 0.111
z.33 24 5 5 55 0.007 0.03 0.1
l.33 15 5 5 2 55 0.006 0.031 0.104
z.66 24 5 5 55 0.007 0.027 0.108
l.66 15 5 5 2 55 0.006 0.031 0.101
z.100 24 5 5 55 0.007 0.028 0.104
l.100 15 5 5 2 55 0.007 0.031 0.104

33 c 877 4 6 96 0.183 TO TO
z 877 4 6 96 0.164 TO TO
l 755 1 4 6 96 0.144 TO TO
z.33 877 4 6 96 0.161 TO TO
l.33 755 1 4 6 96 0.15 TO TO
z.66 877 4 6 96 0.169 TO TO
l.66 755 1 4 6 96 0.156 TO TO
z.100 877 4 6 96 0.17 TO TO
l.100 755 1 4 6 96 0.17 TO TO
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Table C.15
Results of the absorption algorithm: ID34–ID39.

ID Logic Tinc Tdef Tsyn Tdom Trg Tg Tdisj LU tabs tsubs tnoAbs

34 c 1601 9 76 65 1578 0.237 TO TO
z 1601 9 76 65 1578 0.228 TO TO
l 1284 12 9 76 65 52 1578 0.207 TO TO
z.33 1601 9 76 65 1578 0.22 TO TO
l.33 1284 12 9 76 65 52 1578 0.21 TO TO
z.66 1601 9 76 65 1578 0.231 TO TO
l.66 1284 12 9 76 65 52 1578 0.215 TO TO
z.100 1601 9 76 65 1578 0.223 TO TO
l.100 1284 12 9 76 65 52 1578 0.218 TO TO

35 c 750 167 17 1247 0.158 TO TO
z 750 167 17 1247 0.146 TO TO
l 716 167 17 1247 0.124 TO TO
z.33 750 167 17 1247 0.15 TO TO
l.33 716 167 17 1247 0.125 TO TO
z.66 750 167 17 1247 0.142 TO TO
l.66 716 167 17 1247 0.144 TO TO
z.100 750 167 17 1247 0.15 TO TO
l.100 716 167 17 1247 0.146 TO TO

36 c 263 4 97 62 19 0.076 TO TO
z 263 4 97 62 19 0.079 TO TO
l 261 4 97 62 3 19 0.065 TO TO
z.33 263 4 97 62 19 0.076 TO TO
l.33 261 4 97 62 3 19 0.069 TO TO
z.66 263 4 97 62 19 0.064 TO TO
l.66 261 4 97 62 3 19 0.066 TO TO
z.100 263 4 97 62 19 0.067 TO TO
l.100 261 4 97 62 3 19 0.062 TO TO

37 c 13 730 � 0.56 0.046 TO
z 13 730 � 0.705 0.048 TO
l 13 730 � 0.711 0.051 TO
z.33 13 730 � 0.574 0.049 TO
l.33 13 730 � 0.614 0.047 TO
z.66 13 730 � 0.54 0.045 TO
l.66 13 730 � 0.654 0.049 TO
z.100 13 730 � 0.559 0.048 TO
l.100 13 730 � 0.701 0.049 TO

38 c 36 069 � 0.435 0.059 TO
z 36 069 � 0.466 0.058 TO
l 36 069 � 0.388 0.057 TO
z.33 36 069 � 0.308 0.057 TO
l.33 36 069 � 0.383 0.057 TO
z.33 36 069 � 0.307 0.06 TO
l.66 36 069 � 0.321 0.061 TO
z.100 36 069 � 0.334 0.06 TO
l.100 36 069 � 0.35 0.058 TO

39 c 305 39 29 2 0.075 TO TO
z 305 39 29 2 0.071 TO TO
l 264 36 29 11 2 0.062 TO TO
z.33 305 39 29 2 0.069 TO TO
l.33 264 36 29 11 2 0.062 TO TO
z.66 305 39 29 2 0.072 TO TO
l.66 264 36 29 11 2 0.074 TO TO
z.100 305 39 29 2 0.073 TO TO
l.100 264 36 29 11 2 0.068 TO TO
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Table C.16
Results of the absorption algorithm: ID40–ID45.

ID Logic Tinc Tdef Tsyn Tdom Trg Tg Tdisj LU tabs tsubs tnoAbs

40 c 22 18 14 2 0.008 0.051 1.067
z 22 18 14 2 0.009 0.054 1.141
l 22 18 14 1 2 0.009 0.282 1.062
z.33 22 18 14 2 0.008 0.05 1.084
l.33 22 18 14 1 2 0.008 0.286 1.095
z.66 22 18 14 2 0.008 0.052 1.136
l.66 22 18 14 1 2 0.008 0.293 1.1
z.100 22 18 14 2 0.008 0.052 1.065
l.100 22 18 14 1 2 0.009 0.291 1.053

41 c 104 2 2 140 81 24 0.034 0.026 TO
z 104 2 2 140 81 24 0.035 0.028 TO
l 98 3 2 140 81 5 24 0.035 0.347 TO
z.33 104 2 2 140 81 24 0.033 0.028 TO
l.33 98 3 2 140 81 5 24 0.038 0.352 TO
z.66 104 2 2 140 81 24 0.033 0.028 TO
l.66 98 3 2 140 81 5 24 0.039 0.352 TO
z.100 104 2 2 140 81 24 0.035 0.028 TO
l.100 98 3 2 140 81 5 24 0.037 0.344 TO

42 c 132 2 3 56 40 74 0.037 1.27 TO
z 132 2 3 56 40 74 0.035 1.29 TO
l 132 2 3 56 40 74 0.036 1.179 TO
z.33 132 2 3 56 40 74 0.038 1.315 TO
l.33 136 2 1 56 40 74 0.035 1.210 TO
z.66 132 2 3 56 40 74 0.035 1.286 TO
l.66 138 2 56 40 74 0.038 1.229 TO
z.100 132 2 3 56 40 74 0.036 1.275 TO
l.100 138 2 56 40 74 0.039 1.207 TO

43 c 212 4 85 52 19 0.061 TO TO
z 212 4 85 52 19 0.058 TO TO
l 210 4 85 52 3 19 0.048 TO TO
z.33 212 4 85 52 19 0.062 TO TO
l.33 210 4 85 52 3 19 0.05 TO TO
z.66 212 4 85 52 19 0.058 TO TO
l.66 210 4 85 52 3 19 0.052 TO TO
z.100 212 4 85 52 19 0.055 TO TO
l.100 210 4 85 52 3 19 0.052 TO TO

44 c 296 6 7 398 0.07 74.584 TO
z 296 6 7 398 0.064 215.947 TO
l 284 6 7 1 398 0.055 15.478 TO
z.33 296 6 7 398 0.065 227.776 TO
l.33 284 6 7 1 398 0.058 15.607 TO
z.66 296 6 7 398 0.069 225.109 TO
l.66 284 6 7 1 398 0.06 15.595 TO
z.100 296 6 7 398 0.066 225.164 TO
l.100 284 6 7 1 398 0.064 16.188 TO

45 c 227 115 104 29 0.059 TO TO
z 227 115 104 29 0.06 TO TO
l 223 1 115 104 5 29 0.055 TO TO
z.33 227 115 104 29 0.056 TO TO
l.33 223 1 115 104 5 29 0.051 TO TO
z.66 227 115 104 29 0.054 TO TO
l.66 223 1 115 104 5 29 0.052 TO TO
z.100 227 115 104 29 0.054 TO TO
l.100 223 1 115 104 5 29 0.055 TO TO
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Table C.17
Results of the absorption algorithm: ID46–ID51.

ID Logic Tinc Tdef Tsyn Tdom Trg Tg Tdisj LU tabs tsubs tnoAbs

46 c 309 5 104 60 21 0.081 TO TO
z 309 5 104 60 21 0.074 TO TO
l 303 5 104 60 3 21 0.067 TO TO
z.33 309 5 104 60 21 0.074 TO TO
l.33 303 5 104 60 3 21 0.07 TO TO
z.66 309 5 104 60 21 0.076 TO TO
l.66 303 5 104 60 3 21 0.069 TO TO
z.100 309 5 104 60 21 0.08 TO TO
l.100 303 5 104 60 3 21 0.07 TO TO

47 c 164 5 5 56 0.06 TO TO
z 164 5 5 56 0.053 TO TO
l 140 5 5 3 56 0.045 TO TO
z.33 164 5 5 56 0.049 TO TO
l.33 140 5 5 3 56 0.045 TO TO
z.66 164 5 5 56 0.052 TO TO
l.66 140 5 5 3 56 0.047 TO TO
z.100 164 5 5 56 0.051 TO TO
l.100 140 5 5 3 56 0.047 TO TO

48 c 96 15 8 54 0.036 0.0375 TO
z 96 15 8 54 0.036 0.041 TO
l 94 1 13 8 13 54 0.049 TO TO
z.33 96 15 8 54 0.036 0.04 TO
l.33 94 1 13 8 13 54 0.049 TO TO
z.66 96 15 8 54 0.035 0.0405 TO
l.66 94 1 13 8 13 54 0.048 TO TO
z.100 96 15 8 54 0.036 0.04 TO
l.100 94 1 13 8 13 54 0.052 TO TO

49 c 64 35 8 1 6 0.029 TO TO
z 64 35 8 1 6 0.027 TO TO
l 64 35 8 1 6 0.027 TO TO
z.33 64 35 8 1 6 0.026 TO TO
l.33 64 35 8 1 6 0.027 TO TO
z.66 64 35 8 1 6 0.026 TO TO
l.66 64 35 8 1 6 0.029 TO TO
z.100 64 35 8 1 6 0.029 TO TO
l.100 64 35 8 1 6 0.029 TO TO

50 c 111 50 50 112 0.036 0.028 0.718
z 111 50 50 112 0.037 0.032 0.761
l 109 1 50 50 13 112 0.034 0.144 0.730
z.33 111 50 50 112 0.036 0.031 0.728
l.33 109 1 50 50 13 112 0.036 0.145 0.741
z.66 111 50 50 112 0.035 0.03 0.716
l.66 109 1 50 50 13 112 0.036 0.146 0.753
z.100 111 50 50 112 0.036 0.03 0.723
l.100 109 1 50 50 13 112 0.037 0.15 0.773

51 c 35 988 681 1.311 0.045 TO
z 35 988 681 1.284 0.045 TO
l 30 765 3 681 2.67 TO TO
z.33 35 988 681 1.42 0.043 TO
l.33 30 765 3 681 4.367 TO TO
z.66 35 988 681 1.36 0.048 TO
l.66 30 765 3 681 4.208 TO TO
z.100 35 988 681 1.375 0.047 TO
l.100 30 765 3 681 4.258 TO TO
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